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New charged black holes with conformal scalar hair 
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A new class of four-dimensional, hairy, stationary solutions of the Einstein-Maxwell-A system with a con- 
formally coupled scalar field is obtained. The metric belongs to the Plebahski-Demiahski family and hence its 
static limit has the form of the charged (A)dS C-metric. It is shown that, in the static case, a new family of 
hairy black holes arises. They turn out to be cohomogeneity-two, with horizons that are neither Einstein nor 
homogenous manifolds. The conical singularities in the C-metric can be removed due to the backreaction of 
the scalar field providing a new kind of regular, radiative spacetime. The scalar field carries a continuous pa- 
rameter proportional to the usual acceleration present in the C-metric. In the zero-acceleration limit, the static 
solution reduces to the dyonic Bocharova-Bronnikov-Melnikov-Bekenstein solution or the dyonic extension of 
the Martfnez-Troncoso-Zanelli black holes, depending on the value of the cosmological constant. 

PACS numbers: 04.20.Jb 04.40.Nr 04.70.Bw 



I. INTRODUCTION AND SUMMARY 

One of the most fascinating properties of black holes is that 
they are characterized only by a small set of parameters. The 
black hole no hair conjecture asserts that an asymptotically 
flat, stationary black hole formed from the gravitational col- 
lapse of matter fields is settled to be and characterized only by 
its mass, electromagnetic charge, and angular momentum [1]. 
The black hole uniqueness theorem in the asymptotically flat 
Einstein-Maxwell system surely supports this conjecture, in 
addition to the existence of a no go result in the nonminimally 
coupled scalar case with quartic self interaction for a static 
black hole [2]. 

Among all the possible hairs, the conformal scalar hair is 
particularly interesting because (i) it contains a well-known 
family of U(l) charged static black holes [3-8] and (ii) the 
asymptotically locally anti-de Sitter (AdS) solutions in the 
Einstein frame [9] can be embedded in string theory [10] and 
are stable against linear perturbations [11], which provide a 
relevant arena for the gravitational description of supercon- 
ductors [12]. 

These interesting features are in contrast with the exiguous 
knowledge of exact solutions of this system. The question on 
the existence of stationary axisymmetric solutions was already 
pointed out to be of relevance in one of the seminal papers of 
the subject [5], however, its explicit construction has not been 
done until now. The purpose of this article is to report a new 
exact solution in the Einstein-Maxwell-A system with a con- 
formally coupled scalar field, which contains all the known 
solutions of this system as particular limits. A fully detailed 
analysis of the solution will be presented in a forthcoming pa- 
per [13]. 

The exact solutions are constructed taking advantage of 
the following well-known fact: the traceless property of 
the energy-momentum tensor for a conformally coupled 
scalar field implies that any spacetime with constant Ricci 
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scalar could support, in principle, its backreaction. Hence, 
the Plebanski-Demianski family of spacetimes [14] (see 
also [15]), the most general Petrov type D spacetime in the 
Einstein-Maxwell-A system, provides a natural starting point. 

Thus, in the next section, the most general solution in 
the Einstein-Maxwell-A system with a conformally coupled 
scalar field within the Plebanski-Demianski family is con- 
structed. The addition of a quartic self-interaction of the scalar 
field is necessary to include the cosmological constant. The 
subsequent section is devoted to the analysis of the static case 
in order to show that all the known solutions of this system 
are included within this new family as particular limits. 

Our static solution, being of the form of the charged (A)dS 
C-metric, is reanalyzed in the last section to show a number 
of remarkable features. First, accelerating black-hole config- 
urations [16] without conical singularities can be achieved, in 
contrast with the Einstein-Maxwell-A system, without imply- 
ing the existence of only two real roots in the metric func- 
tions (see [17], for instance). This is not done at the expense 
of changing the asymptotic behavior of the spacetime (as op- 
posite of the embedding of the Ernst solution [18] which is 
asymptotic to a magnetic universe). It is worth remarking 
that when the cosmological constant is present the Ernst trick 
to obtain a radiative spacetime without conical singularities 
does not work. The configurations that we introduce here are 
the first radiative solutions that have no conical singularities. 
They have compact event horizons, thus representing local- 
ized sources of matter. These configurations can be rotating 
and the cosmological constant as well as a U(l) gauge field 
can be included, besides the scalar field, without spoiling any 
of these properties. 

Second, as pointed out in [19], the AdS C-metric can be in- 
terpreted as a single black hole in a certain range of the param- 
eters. Our new black hole turns out to be a cohomogeneity- 
two black hole whose event horizon is neither an Einstein nor 
a homogenous manifold, resembling the structure of the five- 
dimensional stationary black holes constructed in [20]. 

Third, even in the limit where the metric has constant cur- 
vature, the scalar field can develop a nontrivial vacuum ex- 
pectation value: the energy-momentum tensor vanishes but 
the scalar field is nontrivial. These peculiar configurations 
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have been observed to occur for Minkowski [21], dS, and AdS 
spacetimes [8, 22]. 

The elimination of the conical singularities in the C-metric, 
due to the scalar field backreaction, is an interesting result and 
deserves some comments. The conical singularities associated 
with the acceleration can be neatly described as follows. The 
charged C-metric can be written as [16, 17] 

is2 =M^w im + X{V)A °" + m - Yl " ,df ) • 

X(p) =l-p 2 - 2mAp 3 - eW, Y(q) = -X(q), 

(1.1) 

where A, m, and e are acceleration, mass and charge param- 
eters, respectively. The manifold spanned by the coordinates 
(p, a) is Euclidean if X(p) > and compact if X(p) has 
at least real roots. Indeed, requiring regularity of the Killing 
vector field d/da at the degeneration surfaces one finds that 
either (i) m = or (ii) m = ±e with AAe < — 1 or 4Ae > 1, 
which in turn implies that X(p) has exactly two real roots. 

The situation drastically changes in the presence of the 
scalar field. Slowly decaying scalar fields have nontrivial con- 
tributions to the total mass of the spacetime [23, 24]. There- 
fore, it is in principle possible to eliminate the parameter m 
from the metric functions, and thus the conical singularities, 
still keeping the total mass of the spacetime positive. Al- 
though this claim is not explicitly proven below, it is supported 
due to the existence of solutions with four distinct real roots 
even in the vanishing m limit, which represent black holes 
free from conical singularities. 

This new family of solutions could have many applications. 
One of the most interesting is, in our view, when the met- 
ric is asymptotically locally AdS but not asymptotically static 
due to the acceleration horizon. The explicit time dependence 



in the asymptotic region would allow the study of the elu- 
sive nonequilibrium phenomena in the dual condensed matter 
system. In the accompanying paper, we will further discuss 
the rotating case, its thermodynamical aspect, and physical 
interpretation [13]. Our notations follows [25]. The con- 
ventions of curvature tensors are [Vp, V<y]U M = R fJ "v p(T V L ' 
and R^v = R p ppv . The metric signature is taken to be 
(— , +, +, +), Greek letters are spacetime indices and we set 
c= 1. 



II. THE STATIONARY SOLUTION 

The Einstein-Maxwell-A system with a conformally cou- 
pled scalar field <f> with quartic self-interaction can be defined 
by the following set of equations: 

Gfiv + A.g M „ = £ (f„FP - ^ V") +«T# ) (2.1) 

T$ = d^dA - ^g^d p <j>dP<t> - ag^ 4 

+-(g^D- V M V„ + G MI ,)0 2 , (2.2) 

□ = -R<p + 4:a(j> 3 , F fiv . I/ = 0, (2.3) 
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where k := 8ttG, with G the Newton constant, F pv := 
2V[ M A„j, and a is a real constant. Using (2.3) the trace of 
Eq. (2.1) reduces to R = 4A. Given the Plebanski-Demianski 
ansatz [the metric form (2.4) given below], the trace equation 
can be integrated to give the metric functions. Replacing it 
back in the full set of field equations, we find that the most 
general solution has the following form: 



ds 2 



(1 - qpf 



(p 2 + q 2 : 



dp 2 dq 2 



X(p) Y(q)J p 2 + q 2 

A 



X (P"> I A , 2 , VI Y (<l) , A 2 , 

- (dr + q da) 5 ^ (dr - p da) 



X(p) = a + a 2 p - [a + a A + — ]p , Y(q) = a + a 4 - a 2 q - a + — \q , 



p2 _|_ q 2 



A 



A p dx» 



c\q + c 2 p, c 2 q-c 1 p 

-dr + pq — — da. 



q 2 + p 2 



q 2 + p 2 



l6B(l-pq) 



K C + 1 — pq 



(2.4) 
(2.5) 
(2.6) 



where the constraints on the parameters do, a 2 , 04, c\, c 2 , B, and C depending on the values of a and A are summarized in 
Table I. ^ 



The most relevant conclusion following from Table I is that 
the spacetime has nontrivial rotation. Indeed, for B = 0, the 
scalar field vanishes and the metric corresponds to the usual 
Plebanski-Demianski family of solutions with 87ra4 = k(c 2 + 
c 2 ) and vanishing mass and NUT (Newman-Unti-Tamburino) 
parameters. Thus, the metric contains the accelerated version 
of the zero-mass Kerr-Newman spacetime. This fact makes us 
confident that the angular momentum is not pure gauge in the 
above metric with BC 7^ 0. 

The family of solutions supporting a nontrivial scalar field, 
BC 0, has two branches and the parameters of the metric 



are accordingly related in a different way. The first branch is 
when 124 = ci = c 2 = then the metric has constant curva- 
ture, R^ \ = (A/3) (8$5 v p - Sffi), and the parameters are 
related through the single relation 36aB 2 /n = — A(C + 1) 2 — 
3aoC(C + 2). It follows that the scalar field carries an inte- 
gration constant and that it is a stealth field [8, 21, 22], namely 
a nontrivial scalar field giving T^t = 0. 

For C14 0, the metric is no longer of constant curvature. In 
the case of A = = a, the above configuration is a solution 
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TABLE I: The constraints on the parameters in the solution (2.4)-(2.6) depending on a and A. We do not consider the case with with BC = 0, 
which gives a constant scalar field. The spacetime has constant curvature for 04 = 0, which we abbreviate as "C.C.". "Stealth" means that the 
scalar field, <f>, is nontrivial but its energy-momentum tensor vanishes, T^t = 0. 





Constraints 


Note 


a = and A = 


B 2 = [87ra 4 - re(c? + cl)]/(87ro 4 ), a 4 / 0, and C = -2 


Hairy extension of the PD spacetime 


a = and A = 


ci = C2 = a 4 = and ao(C + 2) = 


Stealth field on a C.C. spacetime 


a = and A ^ 


ci = c 2 = a 4 = 0, a = -A(C + 1) 2 /[3C(C* + 2)], and C / -2 


Stealth field on a C.C. spacetime 


a / and A = 


ci = c 2 = a 4 = and B 2 = -a Q C(C + 2)«/(12a) 


Stealth field on a C.C. spacetime 


aA / 


B 2 = [87ra 4 - k(c 2 + c|)]/(87ra 4 ) = -A«/(36a), a 4 / 0, and C = -2 


Hairy extension of the PD spacetime 


oA / 


36aB 2 /n = -A(C + l) 2 - 3a C(C + 2) and ci = c 2 = a 4 = 


Stealth field on a C.C. spacetime 



with a nonconstant scalar field if and only if C 

87T04 — k(c\ + c|) 



2 and 



B 2 



87T04 



(2.7) 



The above relation entails the main difference from the 
Plebariski-Demiahski family with vanishing scalar field. As 
we remarked before, B = results in 87ra4 = n(c\ + c|) and 
the parameter 04 in the metric functions must be strictly posi- 
tive. The scalar field relaxes this condition allowing a negative 
ti4. As we discuss in the next section, in the nonrotating case, 
this implies the existence of a new family of black holes that 
do not exist when the scalar field vanishes. For aA < 0, the 
above relation becomes 



B 2 _ 8?ra 4 



k(c 2 + C 2 .) 



87T04 



kA 
36a 



Note that the value of B is not arbitrary but fixed as B 2 = 
1 when the stealth configuration is obtained taking the limit 



124 — >• from the nontrivial solution with c\ 

a 4 7^ 0. 



c 2 = and 



III. RECOVERING THE KNOWN SOLUTIONS 

In this section, we show that the nontrivial solution, namely 
C = — 2 and the relation given in (2.8), reduces to the 
known solutions as limiting cases. First, we consider the 
static limit of our stationary solution (2.4)-(2.6): its static limit 
is achieved after the coordinate transformations p — > p/n, 
q — > n/q, a — > a/n, and r — > t/ti together with the re- 
definitions of the parameters such that a 2 — > n 2 a2, 04 — > 
n^a^, c\ — > n 2 ci, and c 2 — > n 2 C2 and the limit n — >• 00. 
The further coordinate transformations p — >• (3p — 03/(404), 
q — > q — 03/(404), and cr — > cr / '/3 and redefinitions ao — > 
/3 2 a — (16a 2 04 — a1)a\/ (25604) an ^ ^2^02+ 3a 2 / (804) 
bring the solution to the form of [modulo a gauge transforma- 
tion of the U(l) field] 



ds 2 
a 1 



dq 2 dp 2 



{q-Pp) 2 [Y(q) X(p) 



- Y(q)dr 2 + X(p)da< 



6 B((3p-g) 

K /3p + q - a 3 /(2a 4 ) : 



Y(q) = -/3 2 a - a x q - a 2 q 2 - a 3 q 3 



4 A 

040 - -, 



a 3 (4a 2 a 4 + a|) 



Apdx^ 1 = ciqdr + c 2 pder, 



(3.1) 
(3.2) 
(3.3) 



where 04 7^ is assumed and new parameters a%, 03, 
and (3 were introduced. They allow considering the zero- 
acceleration limit, /3 — > 0. It can be noted that if no co- 
ordinate transformations is done after taking the static limit, 
moo, the configuration (3.1)-(3.3) would have been in the 
same form but with [3 = 1 and a\ = 03 = 0. It follows that 
we can set |a 2 | = 1 or 1 04 1 = 1 if a 2 a4 7^ using a remain- 
ing degree of freedom p dp, q — > dq, r — !• dr, a da, 
Ci — > ci/d 2 , and c 2 — ^ c 2 /d 2 with a constant d. Hence, for 
f3 7^ 0, there are five independent parameters. 

Let us consider now the zero-acceleration limit (3 — >• of 
the static solution (3.1)-(3.3). This makes sense only in the 



case of ai = 0, which requires 03 = or 04 = — a 2 /(4a 2 ) 
with a 2 7^ 0. In the case of 03 = 0, the limit implies a 
constant scalar field. Note that in the previously known so- 
lutions of this system the scalar field does not carry any con- 
tinuous parameter that allows driving it to a nonzero constant 
value. In the case where 04 = — a 2 /4a 2 , by the coordi- 
nate transformation r := 1/q and the rescaling of the coor- 
dinates t -> t/ \Z\a 2 \, r -> ^/\a2~\r, p -> y/\a \p/ \/\aT\, 
and c — y o /( -\/|ao||a 2 |) together with the redefinition of the 
parameters such as e := C!/|a 2 |, g := c 2 /|a 2 |, MG := 
— a3/(2a 2 |a 2 | 1 ^ 2 ), and k := — sign(a 2 ), the limit provides 
the dyonic extension of the black hole obtained in [7]; 
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ds 2 = - J(r)dr 2 



dr 2 
f(T) 



dp 2 



sign(a ) - hp 2 



(3.4) 



+ (sign(a ) - kp 2 )da' 



(3.5) 



= -dr 



gpdcr, 



M 2 



G 



2ttA 
"9a 



G 



f(r) =k 1- 



= ±1 



MG\ A 



"3 r 



V 



y/M 2 G - fc(e 2 + ff 2 ) 



(3.6) 
(3.7) 

(3.8) 



4tt r - GM 

where aA < is required for the scalar field to be real and 
k represents the curvature of the two-dimensional section of 
(p, a). Although the limit is not well-defined for a2 = corre- 
sponding to k — 0, the above solution is valid even for k = 0, 
in which e = g = is required. Thus, all the known solutions 
of the relevant system are contained within the static family 
(3.1)-(3.3). 

IV. NEW COHOMOGENEITY-TWO BLACK HOLES 

Now let us see the important consequence of the scalar hair 
in the static case (3. 1)— (3.3), where we can set j3 = 1 and 
hence a\ — = without loss of generality. There are 
then two different families of solutions, depending on the sign 
of 04. For 04 > 0, the geometry is the same as in the ex- 
tremal case of the U(l) charged (A)dS C-metric; the relation 
of this case with a conformally coupled scalar field is analyzed 
in [26]. Interestingly, the case with negative ai(=: —b 2 ) is 
possible in the presence of the scalar hair. This case does not 
occur within the pure Einstein-Maxwell-A system. In what 
follows we focus on this case. 

The (p, a) submanifold is Euclidean and compact if and 
only if X(p) has four real roots. In terms of these roots the 
metric functions are 



x( P ) = b 2 ( P 2 -e 1 )(p 2 -i 



4 2 j 3 , 



(4.1) 

(4.2) 



where we set < £1 < £2 without loss of generality. It fol- 
lows that the required signature and compactness is obtained 
if — £1 < p < £f From the expansion of the metric around 
the degeneration surfaces of the angular Killing vector d/da, 
it follows that the spacetime is free from conical singularities, 
as can be seen from the relation |Jf'(£i)| = \X'{— = 
2& 2 £i(£ 2 — £i)> where a prime denotes the derivative. Con- 
formal infinity is located at p = q and there are curvature 
singularities at q = ±00, so the domain of the coordinate q is 
p < q < 00. 

When the cosmological constant vanishes, there is an event 
horizon at q = £2 and an acceleration horizon at q = £1. For 
A^O, the roots of Y(q) = 0, q 1{+) , q 2 (+), and q 2 (-), 

are given by 



± 



1 

71 



C2 2 ) 2 



4A 
362 



(4.3) 



where e = ±1. q = <h(+) and q = (? 2 (+) correspond to the 
acceleration horizon and the event horizon, respectively. 

Let us count the number of the real roots of Y(q) = 0. 
When A > 36 2 (£ 2 - £|) 2 /4, there is no root of Y(q) = 
and the Killing vector d/dr becomes spacelike everywhere. 
There are two roots for A = 36 2 (£ 2 - £|) 2 /4; here the 
event and acceleration horizon coalesce. In the case of A < 
36 2 (£ 2 — £ 2 ) 2 /4i there are four, three, and two roots for 
A > ~3b 2 £Ul A = -36 2 f?& and A < -3& 2 £ 2 £f, re- 
spectively. 

In the case of the positive or vanishing cosmological con- 
stant, the spacetime is not static near the conformal infin- 
ity. The situation is quite different for the negative cosmo- 
logical constant. The acceleration horizon exists only for 
— 36 2 £ 2 £| < A < with equality holding for the case with 
the extremal horizon. For A < — 3& 2 £ 2 £ 2 , in contrast, there 
is no acceleration horizon and the spacetime is static near the 
conformal infinity. When the asymptotic region is static the 
interpretation of the C-metric changes and it corresponds to 
the geometry of a single black hole [19]. Thus, these cases 
represent new asymptotically locally AdS black holes without 
conical singularities. 

It should be noted that, when the cosmological constant is 
negative, the coordinate rank q > p implies the existence of 
constant p slices which do not intersect the two acceleration 
horizons. Whenever the acceleration horizons exist and the 
cosmological constant is nonpositive, these horizons reach in- 
finity. When the cosmological constant is positive, the accel- 
eration horizon is replaced by a compact cosmological hori- 
zon for the allowed values of A discussed before. 

The spacetime is regular everywhere outside the event hori- 
zon. Now let us consider the beh avio r of the conformal scalar 
field, which is given by <fi = ^6/kB(p — q)/(p + q). The 
scalar field diverges on the surface p + q = 0. This surface 
is outside the cosmological horizon for A > 0. Depending 
on the value of p, it is outside or on the acceleration horizon 
for A = and outside, on, or inside the acceleration horizon 
for -ib 2 (iil < A < 0. For A = -36 2 £ 2 £|, it is com- 
pletely inside of an extremal horizon. Note that in the spheri- 
cally symmetric Bocharova-Bronnikov-Melnikov-Bekenstein 
black-hole, that surface is located precisely on the event hori- 
zon [4, 5]. The scalar field reduces to zero at the conformal 
infinity and is regular on the event horizon. 

The horizon metric with constant r is given by 



1 



dp 2 

(qv-p) 2 \W) 



X(p)da' 



(4.4) 



where qn is the value of q at the event horizon. Note that the 
horizon manifold Mjj is neither Einstein nor homogeneous. 
The topology of this event horizon is defined by its Euler 
characteristic x- The lac k of conical singularities implies that 
a 6 [0, 2tt/{& 2 £i (£| - £ 2 )}] , from which it follows 



X 



1 

4?r 



(2) 



R^/gdpda = 2, 



(4.5) 



where is the two-dimensional Ricci scalar of Mjj. 

Therefore, the horizon is diffeomorphic to a two-sphere. 
The metric is asymptotically locally (A)dS in the sense that 



Rf 



AplP=9 



(A/3)(^-«5» 



p u X) 
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As a final remark we would like to stress that the parame- 
ters given in the metric have not been labeled as mass, electric 
or magnetic charge because these quantities are meaningful 
only when they are defined as surface integrals. We make a 
more extended analysis of these issues as well as the thermo- 
dynamical properties of these spacetimes in the forthcoming 
work [13]. 

Acknowledgments 

The authors would like to thank D. Astefanesei, E. Ayon- 
Beato, J. Bleak, F. Ferrari, S. Hartnoll, G. Lavrelashvili, C. 
Martinez, J. Oliva, M. Rodriguez, S. Tomizawa, R. Tron- 
coso, J. Podolsky, O. Varela, E. Winstanley, and J. Zanelli 
for discussions and useful comments. A. A. wishes to thank 
the precious support of Cecilia Gumucio while writing this 
manuscript. This work was partially funded by the follow- 



ing Fondecyt grants: 3080024 (AA), and 1071 125 (HM). This 
work was partially supported by the Alexander von Humboldt 
foundation. The Centra de Estudios Cientfficos (CECS) is 
funded by the Chilean Government through the Millennium 
Science Initiative and the Centers of Excellence Base Financ- 
ing Program of Conicyt. CECS is also supported by a group 
of private companies which at present includes Antofagasta 
Minerals, Arauco, Empresas CMPC, Indura, Naviera Ultra- 
gas, and Telefonica del Sur. CIN is funded by Conicyt and the 
Gobierno Regional de Los Rfos. 
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